The duality symmetries of WZW and coset models are discussed. The exact underlying symmetry responsible for semiclassical duality is identified with the symmetry under affine Weyl transformations. This identification unifies the treatement of duality symmetries and shows that in the compact and unitary case they are exact symmetries of string theory to all orders in α ′ and in the string coupling constant. Non-compact WZW models and cosets are also discussed. A toy model is analyzed suggesting that duality will not generically be a symmetry.
Introduction, Results and Conclusions
Strings, being extended objects, sense the target space, into which they are embended, in a different way than point particles. The difference comes because, strings, embended in a compact space, except from their local excitations, that mimic point particle behaviour ("momentum" modes), have "winding" excitations where the string wraps around non-contractible cycles of the manifold. The masses of momentum modes are inversely proportional to the volume of the manifold, whereas those of the winding modes are proportional to the volume, since it costs energy in order to stretch the string. In the simplest possible example, that of a string moving on a circle, it was observed that the spectrum of the theory with radius R and that with radius 1/R are identical, [1] . This duality symmetry is the same as the electric-magnetic duality symmetry of the underlying 2-d gausian model. Such duality symetries persist in all flat compact backgrounds, [2] and imply the existence of discrete symmetries for the effective theory of string theory around such backgrounds. These discrete symmetries are local, in the sense that they can be considerent as remnants of broken gauge symmetries, present at special points in the space of such flat backgrounds, [3] .
The existence of such symmetries poses important questions about the background interpretation of such string ground states (CFTs). Obviously, the string senses the geometry of the target space in a rather "confusing" way. For example, when the string moves on a circle of radius R, just looking at the scattering data, we cannot tell if the radius is R or 1/R. When R is large or small, then the distinction of the momentum and winding modes makes sense (although which is which depends on whether R is large or small). For R ∼ O(1) however, such a distinction does not make sense any more.
To be more specific, we will discuss here the R → 1/R duality of a free scalar field in order to set the notation and to derive the formula that will be of use for all semiclassical σ-model duality symmetries, [4] . Consider a scalar field φ taking values on a circle of radius R. We will use the convention that the R dependence is explicit and φ ∈ [0, 2π). Let's consider the partition function in the presence of an external current J µ Z R (J) = In order to perform the duality transformation, we will use an infinite dimensional version of the gaussian integration formula,
+ibx (1.2) in order to make the exponent in (1.1) linear in φ. Thus, we obtain
(1.
3)
The crucial step is to go from the (dummy) vector field B µ to its dual, B µ = ε µν A ν . By integrating out φ we obtain
(1.4) where F (A) = ε µν ∂ µ A ν . The original theory was invariant under translations of φ by a constant. This implies that F (A) = 0. We will subsequently solve the δ-function constraint by A µ = ∂ µ φ/2π (the jacobian for this is 1) to finally obtain
(1.5)
Eq. (1.5) will be enough to derive all σ-model duality transformations. In particular, setting J = 0, we obtain the usual duality symmetry Z R = Z 1/R . *
The discussion above generalizes to strings propagating on an d-dimensional torus, where there are d generating duality transformations, each for every coordinate.
In order to apply (1.5) to a general σ-model, the presence of a Killing symmetry is needed. In the appropriate coordinates, one can write the action of such a σ-model as
where we assume that G ij , B ij do not depend on the coordinate x 0 . In terms of x 0 the action (1.6) has the same form as in (1.1) (we will assume here that G 00 is a constant although this is not necessary † ). The identifications are R 2 → G 00 and
Then application of (1.5) gives a dual action with
G 00 ,B 0i = G 0i G 00 (1.8a)
There is a change also in the measure, as in (1.5), which can be interpeted as a shift of the dilaton, (see for example [7, 4, 8] ).
In a σ-model with d Killing symmetries, the structure of the group of duality transformations is as follows. There are d generating duality transformations D i , corresponding * Similar results can be obtained for correlation functions. In the path integral framework, the general conformal operator (affine U(1) primary) with (∆,∆) = ((mR + nR −1 ) 2 /4, (mR − nR −1 ) 2 /4) is represented by the insertion of the field e inφ(z0,z0) and the instruction to do the integration over maps φ(z,z) which wind m times around the point z 0 . † Non-constant, but x 0 -independent G 00 can be handled by the quotient method, [5, 6] .
to doing the transformation (1.8) in the i-th Killing direction. These transformations are commutative
and each one generates a Z 2 group,
When the target space is a d-torus, the σ-model is described by (1.6) with G, B constants. The partition function can be calculated directly via instanton sums
(1.10)
Modular invariance is obvious in (1.10). Let us introduce the 2d × 2d matrices
Upon Poisson resumming (1.10), it can be cast in character form
Introducing a 2d vector N ∼ n m , we can write the conformal weights as
The generating duality transformations can be represented as O(d, d) transformations 15) where e i is a d × d matrix with all elements zero except the diagonal ii element being 1. It is obvious from (1.14) that D i interchanges m i ↔ n i and thus the invariance of the partition function is obvious. In the basis for the currents in which the metric is unity, this amounts to the transformationJ i → −J i .
Provided that J µ is a classical source, eq. (1.5) is exact. However, subtleties can (and do) arise when J µ depends on other quantum fields, as is the case in (1.7). Of course our semiclassical considerations will still be valid, but, in general, we expect discrepancies in higher loops. One of our tasks in this paper is to investigate when semiclassical duality is exact (in the sense that it can be corrected beyond 1-loop to yield a genuine symmetry). There are two points of view relevant here. One is the σ-model point of view, which has the advantage that the background interpretation is manifest. The other is the CFT point of view, where, although the background interpretation is not always obvious, it has the advantage that one can get exact results easier.
In this paper we will discuss all the duality symmetries of well-understood CFTs, that is WZW models [9] and their cosets [10, 11] .
‡ This class is quite large and contains (modulo a mild assumption) all the CFTs which describe string propagation in a target space with d Killing symmetries. It was argued in [6] that any such σ-model can be obtained by gauging d abelian currents in a WZW model.
The first step is to understand duality in the WZW model. From the σ-model point of view, there are many semiclassical duality transformations, of the type (1.8). By analyzing their effect on the affine primaries, we will be able to identify them with Weyl transformations acting on the current algebra representations. The question of exact duality invariance then translates into invariance under the affine Weyl group. In the case of compact current algebra and unitary (integrable) representations the affine Weyl group is a genuine symmetry. This is not the case in general (where it relates inequivalent representations). We will also see explicitly that the action of the exact duality transformation on the fields is, in general, more complicated than the semiclassical duality transformation.
Once we understand how duality works in the WZW model, we can proceed to the coset models. When we gauge a semisimple subgroup, then the duality symmetry of the coset theory is inherited from that of the original WZW model, and the different dual actions are obtained by gauging the different dual actions of the WZW model. The nontrivial duality transformations are those that leave the subgroup structure invariant. The generic coset G/H model with H semisimple, has extra Killing symmetries, which can be used to generate duality transformations. However these transformations are included in the ones mentioned above. When H is maximal, then the σ-model describing the G/H coset has no Killing symmetries. However, according to our previous discussion it still posseses duality symmetries. More interesting things happen when H is abelian. In this case, we have the option to gauge an axial or a vector abelian current. Semiclassically, it can be shown that, these ‡ There is a more general class of CFTs whose structure is much less understood, namely the affineVirasoro constructions, [12] .
two theories are dual to each other, [4, 13] . We will see that the original affine Weyl symmetry of the WZW model guarantees that this extra axial-vector duality is an exact symmetry (although in the σ-model language it needs corrections beyond one-loop ). This type of duality is a generalization of the order-disorder (Kramers-Wannier) duality of the critical Ising model. Using axial-vector duality, one can generate new conformal σ-models using O(d, d, R) transformations, [14, 15, 16] . The O(d, d, R) transformations need to be corrected beyong one-loop, however, in the compact case, this can always be done. One implication of this result is that there are marginal JJ perturbations in σ models with Killing symmetries. If the currents are abelian and chiral this already known. However marginality persists for some combinations of non-chiral abelian currents.
The presence of duality symmetries in compact targets complicates the background interpretation of the σ model. When σ-model couplings are strong, it is difficult to have a geometric notion of a target manifold (even the notion of dimensionality can break down, and many such instances are known, for example SU(2) k=1 ∼ U(1) R=1 etc.). The only case where one has an (almost) unabiguous notion of a manifold is when all couplings are weak, (α ′ → 0). In curved backgrounds, the dual versions obtained for example by (1.8) are not trustworthy guides of geometry since the dual background describes strong coupling regions.
When one considers string propagation in non-compact backgrounds, the situation is quite different. For Euclidean non-compact cosets, generically, duality is not expected to be a symmetry, since the underlying affine Weyl group relates, in general, inequivalent representations. If one considers a model where the spectrum can be classified into complete orbits of the affine Weyl group, then duality will be restored.
§ There are two potential problems with this procedure. The first is that the required orbits contain representations that are not positive. However, this might not be lethal for the associated string model, but positivity of the string Hilbert space needs to be addressed. ¶ The second is that the background interpretation of such theories is obscure.
In order to investigate whether the semiclassical duality is exact in the non-compact case we will analyse the simplest possible model, where axial-vector duality relates the 2-d Euclidean plane (free field theory), to a certain singular manifold. Although we cannot compute the latter partition function exactly, we will compute it in the "minisuperspace" approximation where it will turn out to be different than that of the plane. We will show, however, that at weak coupling the two coincide. Although, this computation does not settle the issue of exactness of non-compact duality symmetries it does give some useful indications. § This has been effectively done for the SL(2,R)/U(1) coset in [17] .
¶ In the case of SL(2, R) this orbit method works for the discrete series but it is not at all obvious how it could be implemented in the continuous series.
For non-compact cosets with Minkowskian signature, the meaning of the duality transformation is different. Instead of relating two different manifolds, it interchanges various regions of spacetime, [18, 13] . The same remarks apply here as in the Euclidean case. Duality here, although it might not be a symmetry, provides a map that can give meaning to regions of spacetime that one otherwise would traditionally neglect.
The structure of the rest of this paper is as follows. In section 2 we will analyze semiclassically and exactly the duality symmetries of compact WZW models. The same will be done for compact cosets in section 3. The extension of duality symmetries to O(d, d) symmetries will be discussed in section 4. Section 5 contains some remarks on marginal current-current perturbations implied by O(d, d) covariance. Finally, in section 6 we will discuss non-compact cosets.
2 Duality in the WZW model.
In this section we will analyze in detail the duality symmetries of WZW model, both from the σ-model and the CFT (affine current algebra) point of view.
We will consider for simplicity a compact group G which is simple and simply laced. It will turn out that understanding the simplest such group, SU(2), will suffice. In the case of non-simply laced simple groups there are some minor changes due to the short roots that will be dealt with latter on. The case of non-simple groups has further complications that we will not consider here.
The action of the WZW model is
where
g is a matrix in the fundamental representation of G and T r is a properly normalized trace such that 1
The action I(g) is invariant under the group G R ⊗ G L , generated by left and right group transformations, g → h 1 gh 2 , with associated conserved currents
with P µν ± ≡ δ µν ± iε µν . These currents are conserved and chirally conserved and they generate two copies of the affineĜ current algebra. An important property of the WZW action is that it satisfies the Polyakov-Wiegman formula
To generate duality transformations in the WZW model, we pick a generator of the Lie algebra of G, T 0 , normalized as T r[(T 0 ) 2 ] = 1. We can then parametrize g = e iφT 0 h.
Using (1.6), the action I(g) takes the form
We can now apply the duality map (1.5) → (2.7) to obtain
The angle φ was originally normalized to take values in [0, 2π]. It is obvious from (2.8) that the effect of the duality transformation is to change the range of values to [0, 2π/k]. To see how many independent duality transformations exist, we have to explicitly parametrize the Cartan torus dependence of the WZW model. Pick a basis in the Cartan algebra,
Then using (2.6) the WZW action becomes
It is obvious from (2.10) that we can apply the duality transformation using any of the α i , γ i . Thus, there are 2 2r − 1 non-trivial duality transformations. A duality transformation on α i effectively makes the substitution α i → α i /k in the action whereas a duality transformation on γ i makes the substitution
In order to identify the underlying property of the WZW model, responsible for the invariance under these duality transformations, we have delve a bit into such elements of the the representation theory of the affine Lie algebras as the affine Weyl group and
The measure also changes by a finite computable piece, see [4] external automorphisms. Here, I will just state some properties that we need. More information can be obtained in [19] and references therein.
The affine Weyl groupŴ is a semidirect product of the Lie algebra Weyl group W times a translation group,Ŵ = W ⊲ T . Appart from the action of finite Weyl group elements, there are Weyl transformations associated to roots which have a component in the direction of the imaginary simple root. The action of such an elementŴ α on a finite Lie algebra weight λ and on the grade n iŝ
where β = 2 α/ α · α is the coroot associated to the finite Lie algebra root α, the grade n is basically the mode number
It is important to note that affine Weyl transformations, in general, map states inside a representation at different levels.
There are also external automorphisms of the affine algebra which are essentially associated to symmetries of the affine Dynkin diagram. For the SU(n) case, the affine Dynkin diagram consists of n nodes connected around a circle. The external automorphisms are generated by a basic rotation, and a reflection which corresponds to the finite Lie algebra external automorphism (that maps a representation to its complex conjugate). When we write a highest weight Λ = n−1 i=1 m i Λ i in terms of the fundamental weights Λ i , (m i are non-negative integers), the action of the generating rotation of the affine Dynkin diagram is as follows
σ generates a Z n group † where σ n = 1 on the heighest weights, but acts as an affine Weyl transformation in the representation. Specializing to SU(2), let m ∈ Z/2 be the weight, and j ∈ Z/2 the highest weight (spin of a representation). Then the finite Weyl group acts as m → −m, and combined with the affine translation m → m + k they generate the affine Weyl group. The only nontrivial outer automorphism σ acts as j → k − j and σ 2 is a Weyl translation.
The non-trivial statement now is: For compact groups, integer level and integrable heighest weight representations, both the affine Weyl group and the external automorphisms are symmetries. In particular, in a WZW model the Hilbert space is constructed by tying together (in a modular invariant way) two copies of representations of the affine algebra. Thus, we have invariance under independent affine Weyl transformations acting * In a highest weight representation where the affine primaries have L 0 eigenvalue ∆, the grade n of a state is the eigenvalue of L 0 − ∆ on that state.
† In general this group is isomorphic to the center of the finite Lie group on left or right representations. Moreover, since the modular transformation properties of the affine characters reflect the external automorphism symmetries, the theory is invariant under external automorphisms that act at the same time on left and right representations. These invariance properties can be verified for correlation functions on the sphere and the torus. This then implies that they hold on an arbitrary Riemann surface since the sphere and torus data are sufficient in order to construct the correlators at higher genus.
As an example, we will present the SU(2) case and focus on the spectrum. We introduce the (affine) SU(2) k characters
where l is twice the spin (a non-negative integer) and m is twice the J 3 0 eigenvalue. The trace is in the affine hw representation of spin l, The first relation is due to the Weyl group of SU(2) while the second is the generating translation in the affine Weyl group. There is another important relation
which is a consequence of the external affine automorphism, [20] .
The duality tranformation on α i amounts to replacingJ i → −J i , whereJ i is the right Cartan current in the T i basis of the Cartan subalgebra. Similarly the duality transformation on γ i amounts to the replacement J i → −J i at the level of the Cartan subalgebra. This is not the whole story however. With a bit more effort one can see that they act as Weyl transformations on the left or right SU(2) currents. This identification can be seen clearly by coupling the WZW action to external gauge fields and monitoring the effect of the duality transformation on the currents. It can also be recovered from the twisted partition function via the action of the duality transformation on the gauge field moduli (for the Cartan). Let us now check that the duality transformations
are exact symmetries of the model. We will consider again for simplicity SU(2) and then generalize to an arbitrary group.
The partition function is
where N l,l is one of the CIZ modular invariants. The diagonal one N l,l = δ l,l corresponds to the usual WZW model. Putting everything together we obtain
The two generating duality transformations here correspond to n → −n, m → −m, and n → −n,m → −m. They are symmetries of (2.20) if we use the invariance of the string functions under the affine Weyl group, (2.16).
This invariance is similar, but qualitatively different than that present in flat backgrounds. There, one has a family of theories parametrized by G, B and duality is the statement that two theories are equivalent for different values of the parameters. Here, there is no parameter present and, in this sense, this is what we could call self-duality. This becomes more transparent if we consider the one parameter family of theories, parametrized by the radius of the cartan torus of SU (2) . The partition function is known, [21] 
there is a duality symmetry R → 1/R, which becomes self-duality at the point R = 1, that corresponds to the WZW model. Now we are in a position to discuss the general WZW model for a simple group G. Let M be the root lattice, M L the long root lattice and M * the weight lattice. The character of a hw representation ofĜ with hw Λ is defined as
where J 0 generates the cartan subalgebra of G. The character admits the string function decomposition, [20] 
with Θ λ being the classical ϑ-function of level k of the Lie algebra of G
The string functions are invariant under the Weyl group and Weyl translations
where w is a Weyl transformation and β ∈ M L .
The (left) generating duality transformations D i correspond to Weyl reflections generated by the simple roots α i which implement the transformations (2.18a). The invariance of the spectrum (and partition function) is encoded in the fact, obvious from (2.25,26) , that χ Λ is invariant under w i → −w i . Although w α i do not commute, they do so when applied to the character, thus at the level of the partition function they generate a group isomorphic to (1.9). However, at the level of correlation functions the (left) duality group is larger and in fact isomorphic to the finite Weyl group of G, W G . Thus the full duality group of the WZW model is W G × W G the first acting on the left current modules while the second acting on the right current modules.
‡ The structure of the (self)-duality group is different than the one present in flat backgrounds.
Compact Cosets
A host of CFTs can be obtained from the coset costruction [10] . In Langrangian form it amounts to gauging a subgroup H of G in a conformally invariant way, [11] . We will assume G to be simple, and H regularly embedded * .
Let us first consider H to be semi-simple. Then, there is one possible gauging , the vectorial one, [4] . The gauged WZW action is
where A µ belongs to the Lie algebra of H. The action (3.1) is invariant under
Since the gauge field is quadratic in the action (3.1) one can integrate it out, and fix a physical gauge in order to obtain a σ-model desription of the coset theory. ‡ In [22] a non-abelian form of duality transformations was introduced. It is not clear if these are related to the extended duality group introduced above. * The analysis can be extended to non-simple G and/or irregularly embedded H, but it is certainely more involved.
There are two possible ways to generate duality transformations for the non-abelian coset theory. The first is to gauge different dual versions of the original WZW model. The group of the left duality transformations obtained this way is equivalent to the original Weyl group W G with the restriction that its subgroup W H acts trivially. The action of W H can be absorbed in a redefinition of the gauge fields, and in the σ-model form (where the gauge fields have be integrated out) is trivial.
The other possibility is that the action (3.1) has Killing symmetries which can be exploited in order to generate duality transformations. The constant vector gauge transformations are symmetries of (3.1) but will not survive the passage (gauge fixing) to the σ-model. We can directly hunt for such Killing symmetries. The result is that whenever there exists a subgroup H ′ of G, such that [H, H ′ ] = 0, then, there are extra conserved currents which can be calculated from (3.1),
where {, } stands for anti-commutator, and | H ′ implies a projection onto the Lie algebra of H ′ . The currents A more interesting case is when H is abelian. We will assume without much loss of generality that H = U(1). The situation with more U(1)'s will become obvious. In this case, there are two possible ways to gauge. The vector as in the non-abelian case with action given in (3.1) and the axial with action
The axial and vector actions are related by a duality transformation, [13, 4] . In order to show this, we have to parametrize the group element g as in (2.7) where T 0 is the generator of the U(1) subgroup. In order to write the gauged action (3.1), we need the expressions for the left and right U(1) currents
, as well as (2.7) for the WZW action. Then,
(3.6) Applying the duality transformation (1.5), we obtain
whereJ µ R,L are the respective currents of the dual theorỹ
Inspection of (3.7) shows that it is the axially gauged dual WZW model action. Of course, this is not unexpected, since, at the naive level, the vector coset is the WZW model with the constraint J L − J R = 0. As we have seen, a duality transformation of the WZW model changes the sign of one of the currents, and this gives the axial constraint
In order to investigate to what extend this semiclassical axial-vector duality is exact, we will analyze the partition function. In particular we will need a method to compute exactly the partition function for both the axial and the vector gauge theory. The easiest way is the operator method. * We will start by considering the SU(2) k /U(1) coset which captures the relevant effects. Once we understand it, the generalization will be simple.
Since we are concerned with the partition function, we will be working on the torus, in the standard flat metric. It is well known, [11] that, in the gauge ∂ µ A µ = 0, the gauged WZW action factorizes (up to gauge field moduli) to that of the original WZW plus the quadratic action for the gauge field (and the FP determinant, det ′ ⊔ ⊓). The effect of the gauge field moduli is to introduce twisted boundary conditions for the field g of the WZW model around the two non-contactible cycles of the torus. The strategy will be to compute the WZW partition function in the presence of the gauge-field moduli (twists), then integrate over them as specified by the gauge field measure, and then add the contribution of the (decoupled) local part of the gauge field. Consider first the twist in the "space" direction, (vector gauging is considered here). Its effect is to impose a boundary condition on g which is a global U(1) V transformation ,
The left and right currents are defined in the standard fashion If we introduce cylinder coordinates z = e 2π(t+iσ) ,z = e 2π(t−iσ) (3.11) (3.9) amounts to
while it leaves J 3 ,J 3 almost invariant. In fact, due to the central term in the current algebra, both J 3 ,J 3 are shifted by the same constant, to be determined below. The vector current J 3 −J 3 is invariant, as it should be.
The twisted currents satisfy an algebra that is isomorphic to the untwisted SU(2) current algebra. In particular, the Cartan currents are shifted,
and similarly forJ 3 . Then,
and similarly for the left sector.
The Virasoro operator also get shifted. This is standard, we can see it by either doing the Sugawara construction using the twisted currents or checking that the following expression has the proper commutation relations
Now we need to twist in the "time" direction. This is achieved in the standard way by inserting a factor e 2πiβ(J 3 0 (α)−J 3 0 (α)) (3.16) which will eventually project onto invariant states (this is similar to the orbifold case). Thus, collecting everything together, we obtain the (vectorially) twisted WZW partition function Z
where H is the Hilbert space of the WZW theory. Using (2.14,15,19) and (3.13,15) we can explicitly evaluate (3.17),
(3.18) The twisted partition function satisfies
which can be shown, using the invariance under the affine Weyl group, (2.16) and the invariance under the proper outer automorphism, (2.17). Eq. (3.19) specifies the fundamental domain for the gauge field moduli, and agrees with the periodicity implied by the U(1) transformations (3.9,16). Under modular transformations it transforms as
Eqs. (3.15) imply that, under a modular transformation
the gauge field moduli transform linearly
The meaning of (3.20-22) becomes more transparent if we introduce complex coordinates in the gauge field moduli space, u = ατ + β. Then, using (3.19) we can see that the twisted partition function Z(u,ū, τ,τ ) is invariant under the mapping class group of a torus with coordinate u and modulus τ ,
It remains to calculate the integral over the fundamental region of the moduli
We can do the integral over β first. The only terms in the sum (3.18) that contribute are those that satisfy k(n −n) + m−m 2 = 0 Taking into account the ranges of m,m and the fact that they are both even or both odd, the only solution is n =n and m =m. Using
we finally obtain
To obtain the full partition function for the coset we have to multiply (3.25) with the contribution from the local part of the gauge field , (det ′ ⊔ ⊓) −1/2 and the FP determinant,
and an extra factor of √ Imτ coming from the measure of the twists (This factor is standard and can be read from the norm of the gauge field |δA| 2 = √ gg µν δA µ δA ν using the proper flat metric for a torus parametrized by τ ). Putting everything together we obtain (up to constants)
which is the correct parafermionic partition function, [23] .
Let us now consider the axial case. The boundary condition (3.9) is replaced by
From (3.10) we can verify thatJ ± is twisted with the oposite sign of α compared to J ± .
Thus, the axial partition function is proportional to
Doing the integrals over the moduli, we obtain in this case
Using again the symmetry under the affine Weyl group (2.26) we obtain that
One final comment is in order here, concerning the SU(2)/U(1) case: We can also compute the parafermionic partition function Z SU (2)/U (1) (r, s) twisted around the two cycles of the torus by two elements of its parafermionic symmetry Z k ×Z k , (e 2πir/k , e 2πis/k ). The way to do this is to allow a general twist
(3.31) with k(α−ᾱ)/2 = r mod k. We must also project in the time direction on J −J = s mod k. Since the twist is now neither axial nor vector there is the standard modular anomaly that can be cancelled by multiplying the twisted partition function by exp(πk|τ
The procedure described above for the SU(2)/U(1) coset easily generalizes. Consider a simple group G. We will gauge the maximal abelian subgroup, namely the Cartan subalgebra. Thus we will be looking at the theory of generalized parafermions, [24] . A convenient basis to work with is the Chevaley basis. Let J i be a basis of the Cartan, and α, α i ∈ M denote the roots and simple roots respectively. The zero modes of the currents in this basis satisfy
where r α, β is the smallest integer such that β − r α / ∈ M and ε α, β = ±1. The non-zero components of the Killing form in this basis are given by
Finally, the central term in the current algebra is given by k times the Killing form.
We can now impose the twisted boundary conditions similar to (3.9)
Their effect is to twist the algebra in the following way
The projection factor now becomes
Using the string decomposition formulae, (2.24,25) (and properly accounting for the change in the metric) we obtain
(3.37) At this stage, inspection of (3.37) reveals that all we have found in the SU(2) case goes through here. In particular, a Weyl reflection generated by the simple root α i is generating from (3.37) the partition function with the U(1) subgroup in that direction axially gauged.
An interesting point is that the (axial-vector) duality transformation in the abelian coset can be effected also via an orbifold construction , (this has been observed for SU(2) k /U(1) in [23] ). Let us consider the parafermionic partition function on the torus with boundary conditions around the two cycles twisted by elements e 2πir/k , e 2πis/k of the Z k parafermionic symmetry. This can be evaluated to be
and the usual vector partition function is Z(0, 0). If we construct the orbifold of the original theory with repect to the Z k symmetry, (which amounts to summing over r, s), we obtain the axial partition function. In this respect the orbifold projection throws out the order operators and adds as twisted sectors the disorder operators. This is precisely the generalization of what is known to happen in the Ising model. This automatically generalizes to arbitrary abelian cosets where the parafermionic symmetry group is isomorphic to M * /kM L . Thus we have the following sequence. We gauge the vector U(1),
and thus obtain a model with a Killing symmetry associated with axial U(1). This U(1) symmetry is broken to a discrete group (the parafermionic symmetry). Doing an orbifold on that symmetry (which amounts to a flat gauging) we obtain the axially gauged theory.
O(d, d) symmetries
Combining duality transformations with antisymmetric tensor shifts and linear transformations on the Cartan angles, we can generate a bigger "duality" group which at the level of the partition function acts as O(d, d, Z), [6] . In the case of toroidal backgrounds it is easy to see how this works. Invariance under B ij → B ij + N ij is obvious from (1.14c), where N ij is an antisymmetric matrix with integer entries. Also, invariance under G + B → U(G + B)U T is obvious from (1.10), where U is an arbitrary matrix with integer entries. The duality group (1.9) and the transformations above generate the
In the non-flat case, similar arguments apply, [6] , with one difference: the duality group acting on the full operator content of the theory is more complicated than its reduction on the partition function. This is the reflection of our observation that the full duality group in the non-abelian case is isomorphic to the finite Weyl group (or its reductions by subgroups). Keeping this in mind, we can reproduce easily the argument for the partition function. The most general σ-model action with d chiral currents is of the form (2.10). We will rewrite it in chiral form, and we will explicitly parametrize the I(h). We will be a bit more general than [6] by allowing arbitrary radii for the Cartan angles. The general action takes then the form (up to total derivatives)
and γ i → γ i + ζ i (z) with associated chiral (abelian) currents,
This automatically implies (assuming conformal invariance) that S describes a (not direct, in general) tensor product of a WZW model and some arbitrary decoupled CFT. The currents (4.2) generate the Cartan subalgebra of the full current algebra of the WZW model. We can gauge vectorially the Cartan subalgebra,
Integrating out the gauge fields and gauge fixing α i = γ i we obtain
The interesting observation is that, given a σ-model (4.4) with d Killing symmetries we can always construct it as an abelian coset of a WZW model (4.1). The reason is that relations (4.5) are generically invertible. There is an underlying assumption in this, that should be kept in mind, namely that conformal invariance of (4.4) implies conformal invariance of (4.1).
The duality generators D i correspond to switching from vector to axial in the ith component of the gauging. There are also the following obvious symmetries, integer shifts of the antisymmetric tensor E ij (x) → E ij (x)+N ij with N an antisymmetric integer matrix, and integer linear transformations of the angles α i which act as E → UEU T ,
The full group of invariance of the partition function is the
The exact underlying picture of the symmetries above is as follows. The antisymmetric tensor shift in the action corresponds to combined affine Weyl translations on the left and right parts of the theory. The duality transformations, as we argued in the previous section are isomorphic to Weyl transformations. Finally the GL(d) group acts a linear integer transformations of the weight lattice. Again, these are exact symmetries at least when the coset is compact.
The reasoning above can be extended to derive the O(d, d, R) action on conformal backgrounds. This was first observed as an invariance of the one-loop string effective action, with backgrounds having d Killing symmetries, [14] . The observation is the following. Starting from a background (CFT) with d Killing symmetries, an arbitrary constant shift of the antisymetric tensor, as well as an arbitrary linear combination of the coordinates corresponding to the Killing directions provide another theory which is also conformally invariant. If these transformations are intertwined with the duality transformations D i it can be shown that the full group of transformations is isomorphic to O(d, d, R) which acts as in (4.6). The O(d, d, Z) subgroup generates the same string theory. It is obvious that linear transformations and antisymmetric tensor shifts are exact to all orders in a ′ and the string loop expansion. In the compact case we have shown in the previous sections that, although the action of the duality transformations D i has to be modified beyond one-loop, there is such a modification, that is exact again non-perturbatively in α ′ and perturbatively in the string loop expansion. † One further comment applicable to the compact case: O(d, d, R) transformations do not in general preserve the positivity (unitarity in Minkowski space) of the appropriate conformal field theory. This is obvious for antisymmetric tensor shifts, since they correspond to arbitrary shifts of the weight lattice and thus map integrable to non-integrable reps. It remains to be seen if the string theory constructed from such CFTs remains unitary. † Arguments, to the extend that O(d, d, R) transformations can be made exact symmetries to all orders in α ′ where also given in [15] from a string field theory point of view.
On marginal current-current perturbations
In a CFT with chiral abelian currents like (4.1) it is well known [25] that the perturbation
is marginal. This corresponds to the deformation of the Cartan torus, and generalizes the SU(2) case which we explicitly discussed in section 2. It is also well known from CFT that such perturbations break the non-abelian symmetry while leaving the (abelian) Cartan symmetries intact. However a simple calculation shows that the action S + S I has (deformed) chiral symmetries only to order O(λ). The way to improve this situation is via (in this case) a special O(2d, 2d) transformation, or equivalently by considering the tensor product of this theory with d free scalar fields and gauging an arbitrary linear combination of the two U(1)
To see that we can get the current-current perturbation from an O(2d, 2d) transformation we can study first infinitesimal perturbations. Let us consider the infinitesimal form of the transformations in (4.6).
It is not difficult to see that the following infinitesimal O(2d, 2d) transformation
generates the perturbation (5.1) Of course there will be also a non-trivial dilaton that can be calculated from (4.5c), which will ensure conformal invariance at the one-loop level.
For the SU(2) case there is only one marginal perturbation and (5.3) can be integrated automatically to obtain the finite transformation. The advantage of the finite transformation is that the theory with the fully transformed action will have chiral abelian currents for all values of the parameters. However conformal invariance will still have to corrected beyong one loop.
What we remarked so far is hardly surprising. When we look however at the action of O(d, d) transformations on the abelian coset theory, which generically has no chiral currents, we can observe that it still implies that certain current-current perturbations are marginal. ‡ Similar observations were made independently in [26] .
Let us first compute the conserved currents in (4, 4) associated to the Killing symmetries
These currents are conserved∂
but not chirally conserved.
The infinitesimal transformations corresponding to (4.6) become
We can now observe that the infinitesimal change in the action (4.4) under the special transformation A = B = 0 has the form
which is a specific current-current perturbation (because the matrix C is forced by (5.2b) to be antisymmetric). Of course, there are corrections again to the dilaton via (4.5c).
In CFT, whenever there are conserved but not chirally conserved currents, they are bad conformal fields. This can be proven in general in 2-d by showing that normal conservation of a current and conformal invariance (which fixes the form of the twopoint function) implies chiral conservation. Moving a bit off criticality we can see that conserved but not chirally conserved currents have severe IR divergences and decouple from the spectrum as one approaches the critical point. It is thus surprising that a perturbation of the form (5.7) is a marginal perturbation of such models.
Non-compact cosets
Non compact cosets attracted attention recently, [27, 18, 13, 4] as CFTs that provide curved backgrounds for consistent string propagation. They also generically exhibit (semi-classically) spacetime singularities.
The prototype theory (and apparently the simplest) is the SL(2, R)/U(1) model describing a two dimensional target manifold. We will consider Euclidean targets, which means that the U(1) we are going to gauge will be compact. If we parametrize the SL(2, R) matrix using Euler angles as g = e where we have incorporated the dilaton into the measure. In the axial theory, the string propagates on a manifold with the shape of a cigar, which becomes a cylinder asymptotically (r → ∞). However the manifold of the vector theory, although similar when r → ∞, has a different, and in fact singular behaviour as r → 0. The line element and scalar curvature behave as follows, in this region The pertinent question here is: are the two models (6.2,3) equivalent, like in the compact case? Our semiclassical derivation of the axial to vector duality is still valid here. However there are reasons to make us distrustful of such a semiclassical reasoning in the non-compact case. One is that the two targets are radically different , unlike the compact case where the target manifold of the axial theory is a reparametrization of that of the vector theory (even when higher loop corrections are included, [13] ). The other reason is that the semiclassical spectrum of the two theories in the non-compact case is quite different. In the axial theory, only the continuous series of the SL(2,R) representations contribute, while in the vector theory there are extra contributions from the discrete series. The partition function of the axial model has been computed by Gawedski [28] , however that of the vector model remains a mystery.
Trying to understand the situation, we will analyse a simpler (but not trivial) case of (potential) axial-vector duality in a non-compact model. Let us consider the conformal field theory on a 2-d Euclidean plane
This is a free field theory that we know everything about, in particular, its exact torus partition function is (up to constants)
where the 1/Imτ factor comes from the integration of the zero modes. We can write this theory in polar coordinates (r, θ),
We can now apply the O(1,1) duality transformation corresponding to the Killing symmetry associated with translations of θ to obtain the "dual" theory
where the effects of the dilaton transformation were also taken into account by the change in the measure. A naive extrapolation of our results from the compact case would imply that these theories are equivalent, and in particular that the theory (6.8) is a free field theory. However, as in the SL(2,R)/U(1) example, the manifold corresponding to (6.8) is radically different from the flat Euclidean plane of (6.6); it is a curved manifold with a curvature singularity at the origin. It concides with a region close to the origin, of the vector SL(2,R)/U(1) model as can be seen from (6.4).
It is also interesting to note that the two theories (6.6,8) can be viewed as axial and vector gauged models of the following σ-model, with 3-d target we can verify with a simple computation that by gauging the axial symmetry θ → θ + ε, ϕ → ϕ + ε we obtain the free model (6.7) while gauging the vector symmetry θ → θ + ε, ϕ → ϕ − ε we obtain model (6.8) . It is an interesting question whether the the model (6.9,10) is conformally invariant. There are abelian chiral currents in this model associated with the symmetries θ → θ + ε(z) and ϕ → ϕ + ζ(z)
We can easily check that unless f (r) is the one which corresponds to the SL(2,R) model there are no other chiral currents in the theory (this might seem trivial, but it is possible in principle that the model can be mapped to that of SL(2,R) through a complicated reparametrization). Thus if (6.9) is conformally invariant it describes the product (certainely not direct) of a U(1) theory and some other CFT.
We will now proceed to tackle the question posed above: is the free model (6.6) and (6.8) equivalent? Unfortunately it seems extremely difficult to compute exactly the torus partition function of theẼ model. Thus we will resort to the so called "minisuperspace" approximation. This amounts essentially to a dimensional reduction to 1-d, that is, neglecting the σ dependence. Thus, we will have to deal with a quantum mechanical model with Langrangian given by
The minisuperspace approximation of a CFT is not an approximation in the usual sense of the word. However, it is well understood that, since it describes the quantum mechanics of zero modes, it does not "see" the oscilator part of the spectrum, finite renormalizations of couplings and unitary truncations of the Hilbert space. For example in the "minisuperspace" approximation to the SU(2) k WZW model all representations of SU(2) contribute whereas in the 2-d theory their range is restricted to 0 ≤ j ≤ k/2. However, if two CFTs are different in this approximation they are certainely different as 2-d theories, whereas the converse is not necessarily true.
The Euclidean time quantum mechanical partition function of the E theory is given by dropping the η-function contributions from (6.6)
In general, the quantum mechanical partition function will be given by the trace of
and is proportional to the volume of the manifold.
The Hamiltonian of theẼ theory is minus the Laplacian on the manifold
ΩẼ is then the integrated trace of the heat kernel and in order to compute it we need to know the spectrum of this Laplacian. This is done in a straightforward manner. The wave functions are labeled by the energy E and the eigenvalues m of angular momentum ( ∂ ∂θ ), which are integers. When m = 0, the energy spectrum is discrete, E m,n = 4|m|(n + 1), n = 0, 1, 2, · · ·, and the energy eigenvalues are doubly degenerate. Their respective eigenfunctions are Ψ m,n (r, θ) = mr dθ Ψ * E (r, θ)Ψ E ′ (r, θ) = 4πδ(E − E ′ ) (6.19) and J 1 is the standard Bessel function. Already, at the level of the spectrum, the two theories E andẼ look quite different. The E theory has positive continuous spectrum of infinite multiplicity. TheẼ theory has both continuous and discrete spectrum, both of finite multiplicity. These features are also common in the two versions of the SL(2,R)/U(1) model, presented above, namely (6.2,3).
The completeness condition can be verified explicitly using standard formulae of special functions 1 4π Performing this integral we find that the continuous spectrum contributes a τ -independent divergent piece (a linear divergence) which moreover does not even scale with the volume of the manifold that is logarithmically divergent. The discrete part of the spectrum gives a finite contribution Thus, not only the two quantum mechanical partition functions differ but model (6.8) has the pathological behaviour that the free energy per unit volume is infinite.
In order to rederive our semiclassical expectations it is instructive to go back to model (6.9) (where α ′ was set to one) and re-introduce it explicitly. The free model is of course insensitive to this, since the α ′ dependence can be scaled away. However in the "dual" which maps properly to the free model.
What we have seen so far is that semiclassically we have recovered the duality of the compact case. However the example above raises serious doubts about its validity beyond weak coupling. One could of course contemplate modifications that could bypass the discussion above (like alternative quantization of the dual theory) § . Our point here is that, unlike the compact case, duality if present is certainly not manifest.
Similar remarks apply to the more "realistic" SL(2,R)/U(1) model, (6.2,3). As we mentioned earlier the two versions (6.2) and (6.3) differ substantially only in a neighbourhood of r = 0, and there they are approximated (possibly crudely) by our toy models (6.7) and (6.8 ). An analysis similar to the above is underway for (6.2,3) in order to settle this question.
At the full 2-d level, duality might require, as in the compact case, invariance of the theory under affine translations. This was manifestly true in compact unitary cosets but it is not difficult to see that n the non-compact case, affine Weyl translations map in general a representation to a different one. This can be seen at the level of the non-compact string functions, [29] . One way to proceed is to consider orbits under the translation group, but in that case one has always to cope with non-positive representations and the spacetime interpretation is not manifest.
In many issues associated with black-holes one usually invokes some analytic continuation from Minkowski to Euclidean space. As we have seen it plausible that there are two inequivalent such continuations depending on the region of spacetime. This might imply a different behaviour (and maybe interpretation) for such issues as Hawking radiation etc. § A little analysis shows that the freedom in quantizing the theory is so wide that can reproduce any possible Hamiltonian, that commutes with the angular momentum.
